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Moyal Star-Product and Unitary Representations of
the Euclidean Motion Group
Alexander J. Balsomo and Job A. Nable
Abstract
In this paper, the Moyal star-product quantization is used to construct the
unitary irreducible representations of the Euclidean motion group on 3-dimensions.
These unitary representations will come from the representation of its Lie algebra
whose operators are defined by the left Moyal star-product multiplication. In fact,
these representations of the Lie algebra is the infinitisimal representation. Hence,
the exponentiation of these operators gives rise to unitary operators that defines
the desired unitary representations.
1 Introduction
The mathematical formulation of unitary representations of the Euclidean
motion group M(3) is widely known and the earliest accounts of its expo-
sition are found in [1, 2]. As a semidirect product of the compact group
SO(3) with the abelian group R3, the construction of this group’s unitary ir-
reducible representation fits within the framework of induced representation
[3, Theorem 7.7] and this is illustrated in [4].
On the other hand, the quantum theory of a free particle provides a recipe
to construct the unitary representations of symmetry groups. This is well-
known in the relativistic case of the Poincaré group but less known in the
non-relativistic case of M(3) [5]. As a Lie subgroup of the Jacobi group, the
restriction of the Schrödinger representation to M(3) paves the way for the
construction of the unitary representation of the said group. It is known that
the derived Schrödinger representation leads to the quantization of only at
most degree 2 polynomials [6].
As an autonomous quantization theory, deformation quantization [7] sug-
gests the introduction of a noncommutative but associative product, called
the star-product (⋆-product), on the space of C∞-function on a symplectic
manifold to construct a model of quantum mechanics; hence, quantum me-
chanics is a deformed algebra of classical observables which retains the key
ingredient of quantization-the correspondence principle. As in the case of
1
Kirillov’s orbit method [8], the papers [9, 10, 11] constructed and classified
the unitary irreducible representations of the nilpotent and exponential Lie
groups by methods of ⋆-product quantization, essentially utilizing the Moyal
⋆-product.
Star-product quantization is an important aspect of the Weyl-Wigner-
Groenewold-Moyal formalism or the phase space formalism of quantum me-
chanics. The quasiprobability distributions given by the Wigner functions
may be obtained as matrix elements of the unitary irreducible representa-
tions of the Heisenberg group. It may be viewed as the Weyl transform [12] of
the projection operator ρ = |ψ〉 〈ψ| corresponding to a pure state, and gen-
eralized to arbitrary operators. This generalization has an inverse called the
Weyl quantization, still the most popular of the several quantization meth-
ods available. The Weyl transform of the composition of two Weyl operators
results precisely in the Moyal star-product [13] of phase space functions.
The method presented in the papers by Várilly, Gracia-Bondía and their
coworkers is the reverse to the general procedure presented in this work
[14, 15]. These works exhibit the construction of a noncommutative product
on the space of functions on the phase space, induced from the operator
product of unitary operators coming from the projective representations of
the invariance group of the quantum system. The idea has been developed so
far as to implement harmonic analysis on phase space and to derive special
function identities [16, 17].
The authors of this paper have outlined the procedure in [18] with the
Euclidean motion group M(2) as an example. This motion group of 2 dimen-
sion is solvable and we have shown that the Moyal ⋆-product on the space
of classical observables on a cylinder- a coadjoint orbit of M(2), generates
the operators that define the unitary representation of this group. A crucial
point is that the construction is dependent on coordinatization of the cylin-
der. This is to be expected, as quantization is highly coordinate dependent
[19]. Following this outline, we will construct the unitary representations of
the nonsolvable group M(3). We make the important remark that the com-
putations here are essentially elementary and explicit which can be read by
students of mathematics and physics with little background in Lie Theory
and Quantum Mechanics. Moreover, the recipe discussed in the next section
seem to work for large classes of Lie groups, certainly for the general case of
M(n), which will be considered elsewhere.
We have organized the paper as follows. Section 2 presents the unitary
representation of the Eucliden motion group M(3). In Section 3, we outline
the ⋆-product method of constructing unitary representations. The construc-
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tion of the unitary representations of M(3) via the Moyal ⋆-product is shown
in Section 4 and we present our conclusion in the last section.
2 Unitary Representations of M(3)
The Euclidean motion group M(3) is identified with the multiplicative group
of matrices of size 4 of the form (
R r
0 1
)
(1)
where R is a rotation in SO(3) and r is a vector in R3. This group’s corre-
sponding Lie algebra m(3) is the space of matrices of the form(
A v
0 0
)
(2)
where A is a skew-symmetric matrix in so(3) and v a vector in R3. This
algebra is spanned by the basis elements Xi for i = 1, 2, 3 where
X1 =

 0 −1 01 0 0
0 0 0

 , X2 =

 0 0 10 0 0
−1 0 0

 , X3 =

 0 0 00 0 −1
0 1 0

 (3)
of so(3) and the canonical basis E1, E2 and E3 of R
3. The group elements
of M(3) relates with the vectors of m(3) by
(R, r) = exp(r1E1 + r2E2 + r3E3) exp(θ1X1) exp(θ2X2) exp(θ3X3) (4)
where r = (r1, r2, r3) ∈ R
3 and θ1, θ2, θ3 the Euler angles representing the
matrix R. These exp(riEi) and exp(θjXj) are the 1-parameter subgroups of
M(3) where i, j = 1, 2, 3.
We denote the matrices above as g = (R, r) and U = (A, v). The class 1
unitary representation U : M(3) → Unit(L2(S2)) of M(3) is defined by the
operators [2]
(Uλg f)(s) = e
iλr·sf(R−1s), (5)
where λ > 0, f a square-integrable function on the 2-sphere and · the stan-
dard inner product over R3. The set {Uλ : λ > 0} is the complete collection
of infinite-dimensional unitary irreducible representations of M(3). The rep-
resentation dUλ, defined by the derivative
dUλ(U) =
d
dt
Uλexp(tU)
∣∣∣∣
t=0
(6)
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is the infinitisimal representation of the Lie algebra m(3), associated to the
representation Uλ of M(3). But this linear representation (6) of the algebra
is completely determined by the operators
dUλ(Ei) = iλQ, (7)
where the operator Q = multiplication of si, s = (s1, s2, s3) ∈ S
2 and
dUλ(Xj) = iP (8)
where the operator P = i
∂
∂sj
. Hence, the unitary representation of M(3),
defined in (5), is recovered from (7) and (8) and is given by the unitary
operators
Uλg = exp
(
r1dU
λ(E1) + r2dU
λ(E2) + r3dU
λ(E3)
)
× exp
(
θ1dU
λ(X1)
)
exp
(
θ1dU
λ(X1)
)
exp
(
θ1dU
λ(X1)
)
. (9)
Here, the Taylor series expansion of the exponential of the momentum op-
erator iP provides the action of translations on the phase space while the
exponential of the coordinate operator iλQ gives the action of rotation.
In the method of induced representation, the unitary representation of
a Lie group is induced from the representation of its closed subgroup and
the representation space that makes this representation irreducible are the
square-integrable functions on the homogeneous space of cosets associated
to this closed subgroup. For M(3), its unitary representation (5) is induced
from the representation of the subgroup SO(2)⋉R3 and the square-integrable
functions are defined on the homogeneous space M(3)/SO(2)⋉R3 which is
identified with S2. On the other hand, another way to construct the unitary
representation of M(3) is via the unitary representation of the Jacobi group
GJ(3), and then restricting it to its subgroup M(3). Since m(3) is a Lie
subalgebra of gJ(3), quantization via the Schrödinger representation provides
the Lie algebra representation of m(3) and its exponentiation is the desired
unitary representation of M(3) [5]. In fact, the representation in (9) is the
Fourier-transformed version of the unitary representation computed via the
Schrödinger representation. This unitary representation is irreducible on
the space of wavefunctions as solution to the time-independent Schrödinger
equation, with the Casimir operator as its differential operator.
3 Outline of the Program
In this section, we outline the construction of the unitary representation of
M(3). The techniques below were tested for nilpotent Lie groups [9, 10]
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and exponential Lie groups [11], but some concrete computations were also
made with Lie groups that are neither nilpotent nor exponential, to wit:
affine transformation of the real and complex plane [20], rotation groups [21]
and MD4-groups [22]. The same technique works well in the construction
of unitary irreducible representations of Euclidean motions M(2) in two-
dimensional plane [18].
3.1 Identifying the coadjoint orbits of a Lie group
A coadjoint orbit ΩF of a Lie group G is a homogeneous symplectic manifold.
It can be expressed as the quotient space G/GF where GF is a stabilizer
subgroup of G with respect to the coadjoint action of G on a fixed linear
functional F in the dual space g∗ of the Lie algebra g. It is an immersed
submanifold of g∗ and carries a symplectic structure ωF called the Kirillov
symplectic form, given by the inner product 〈F, [U, T ]〉, for any tangent
vector U, T in g.
For the Euclidean motion group M(3), the computation has been carried
out in [23, §19] and this is the set
ΩF = {(Rµ+Rα× r, Rα) : (R, r) ∈ M(3)} (10)
where F = (µ, α) in m(3)∗ and this dual space of m(3) is identified with
R3 × R3. Besides the trivial orbit when µ = α = 0, there are families of
2-dimensional and 4-dimensional orbits: 2-spheres of radius ‖α‖ and the
cotangent bundles of the 2-spheres.
As a consequence of Darboux’s theorem, a symplectic manifold is locally
flat and hence, for every point m on the coadjoint orbit ΩF , there symplec-
tomorphically corresponds to a neighborhood O of m a flat subspace of an
even-dimensional Euclidean space with the standard symplectic form. So for
an appropriate choice of symplectic coordinates (p, q), this 2-form can be
written as dq ∧ dp on O. Though the ideal chart on the nontrivial orbit ΩF
is given by the polar coordinate system, however, because of the nonvanish-
ing higher order bidifferential operators of the Moyal ⋆-product, this global
chart will not produce a covariant ⋆-product which will be explained next.
3.2 The Hamiltonian system and the covariant Moyal ⋆-product
The symplectic manifold (Ω, ω) is the natural arena of Hamiltonian mechan-
ics, where the space of C∞-functions on Ω models classical mechanics with
the ordinary pointwise product and the Poisson bracket {·, ·} providing its
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associative and Lie algebra structures, respectively. The vector field ξH as-
sociated to an energy function H that satisfy the equation i(ξH)ω = dH
is called the Hamiltonian vector field, and the triple (Ω, ω, ξH) is called the
Hamiltonian system. If (p, q) are the canonical coordinates of ω, then the
Hamiltonian vector field [24] is expressed as
ξH =
∑
i
(
∂H
∂pi
∂
∂qi
−
∂H
∂qi
∂
∂pi
)
(11)
since the derivative of the energy function is given by
dH =
∑
i
(
∂H
∂pi
dpi +
∂H
∂qi
dqi
)
. (12)
When the manifold is the coadjoint orbit ΩF , we define these energy
functions U˜ : ΩF → R on ΩF by the dual pairing
U˜(F ′) = 〈F ′, U〉 (13)
of the vector U in g and the linear functionals F ′ in the orbit. So, the
collection g˜ = {U˜ : U ∈ g} is a finite-dimensional Lie subalgebra of
(C∞(ΩF ), {·, ·}) and for every U, T in g, this satisfies
ωF (ξU , ξT ) = [˜U, T ] (14)
on the fixed F .
On C∞(Ω, ω), we introduce the Moyal ⋆-product of two smooth functions
f and g, defined by
f ⋆ g = fg +
∞∑
r=1
1
r!
νrP r(f, g) (15)
where the first term is the ordinary pointwise product, ν =
~
2i
and in the
succeeding terms, the bidifferential P r is expressed as
P r(f, g) =
∑
ij
ωi1j1ωi2j2 · · ·ωirjr∂i1i2···irf∂j1j2···jrg. (16)
This ⋆-product provides a noncommutative but associative structure on
C∞(Ω, ω), and together with the Lie bracket
[f, g]ν =
1
2ν
(f ⋆ g − g ⋆ f), (17)
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with parameter ν2, the space (C∞(Ω)[[ν]], ⋆, [·, ·]ν) is a deformed algebra of
classical observables. (C∞(Ω)[[ν]] consists of formal power series in the pa-
rameter ν with coefficients in C∞(Ω). Just like any quantization procedure,
we suppose that some Lie subalgebra g˜ of C∞(Ω, ω) is considered as a ‘pre-
ferred set of physical observables’ preserved by deformation, that is, for any
functions a, b ∈ g˜, the following equation is satisfied
[a, b]ν = {a, b}. (18)
A ⋆-product that satisfy equation (18) is said to be covariant and this prop-
erty gives rise to a representation of a Lie group G associated to g˜ on
C∞(Ω)[[ν]] [25]. On the coadjoint orbit ΩF , the Lie algebra g˜ are the energy
functions U˜ in (13) and we can write equation (18) as
1
2ν
(U˜ ⋆ T˜ − T˜ ⋆ U˜) = [˜U, T ]. (19)
This covariance property is dependent on the choice of coordinate system
on Ω, since equation (18) suggests that the terms with parameter ν2 is
eliminated only when the bidifferential expression P r(a, b) = 0 for r > 1.
3.3 Representations on the Lie algebra of observables
Suppose that the Moyal ⋆-product is a covariant ⋆-product. The left ⋆-
product operators
lU(f) =
1
2ν
U˜ ⋆ f, f ∈ C∞(ΩF )[[ν]] (20)
define a Lie algebra representation of g on C∞(ΩF )[[ν]]; that is, l is a linear
map and preserves the Lie algebra structures between g and the space of
operators lU . Indeed, the Moyal ⋆-product and the commutator bracket are
bilinear, so that
˜c1U + c2T = c1U˜ + c2T˜ (21)
for any constants c1, c2 and U, T ∈ g, and using (19)
l[U,T ](f) =
1
2ν
[˜U, T ] ⋆ f = [lU , lT ](f), (22)
for all f ∈ C∞(ΩF )[[ν]].
This representation of g defined by (20) is the same type as the repre-
sentation by derivation on the Schwartz class on the coadjoint orbit of a
nilpotent Lie group G, as in [10]. The Moyal ⋆-product of any two rapidly
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decreasing functions is rapidly decreasing and the operator (20) when defined
on the Schwartz class on R2n can be extended to a bounded linear operator
on L2(R2n) [11]. These operators are intertwined with the partial Fourier
transform
Fp(f)(x, q) =
1
(2π)n
∫
Rn
e−ip·xf(p, q)dp, (23)
that is, the operators
lˆU = Fp ◦ lU ◦ F
−1
p (24)
define a representation lˆ of g whose exponentiation exp lˆ gives the unitary
representation of G.
Although applied only to nilpotent and exponential Lie groups, these
techniques has also worked well with concrete examples which are neither of
the above-mentioned general classes.
4 Results
For the 2-sphere as a result of the coadjoint action in (10) on the functional
F = (µ, α) ∈ m(3)∗ when α = 0, we refer the reader to the work [21] regard-
ing the unitary representations of SO(3) as a compact subgroup of M(3);
via the projection M(3) → SO(3), these are the unitary representations of
M(3) on the space of harmonic polynomials. In this work, we will illustrate
the above-mentioned program on the 4-dimensional cotangent bundle of the
2-sphere when α 6= 0.
4.1 Coordinate system on the cotangent bundle of a 2-sphere
Although the spherical coordinate system will provide a global chart not only
on the 2-sphere but as well as to its cotangent bundle, it is not used in the
following computations. The energy function U˜ on ΩF defined by expression
(13) will contain the sine and cosine expressions under this coordinate sys-
tem. But the sine and cosine is nonvanishing under differentiation. Hence,
for any U, T ∈ m(3),
1
2ν
(U˜ ⋆ T˜ − T˜ ⋆ U˜) = [˜U, T ] + o(ν2) (25)
since P r(U˜ , T˜ ) = (−1)rP r(T˜ , U˜). This coordinate system on ΩF will not
yield a covariant ⋆-product. Hence, to satisfy this covariant property of the
Moyal ⋆-product, we choose a coordinate system on a flat neighborhood of an
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arbitrary point on ΩF . This local flatness is assured on a cotangent bundle
since it is a symplectic manifold.
Let ΩF = T
∗S2‖α‖ be the cotangent bundle on a 2-sphere with radius ‖α‖.
Locally, we take (p, q) or pdq as the usual coordinates of a neighborhood on
ΩF where q ∈ S
2
‖α‖. With no loss of generality, we choose q = (‖α‖, 0, 0)
and a locally flat neighborhood O on q since a 2-sphere is symplectic. The
parameterization of O will come from the tangent plane
TqS
2
‖α‖ = span{(0, ‖α‖, 0), (0, 0, ‖α‖)}
via the exponential map. From elementary differential geometry, this ex-
ponential map exp : TqS
2‖α‖ → O is expressed via the integral curve
γv : I → S
2
‖α‖, where γv(0) = q and γ
′
v(0) = v ∈ TqS
2
‖α‖, by exp(v) = γv(1).
The integral curve is the geodesic
γv(s) = cos
(
‖v‖
‖α‖
s
)
q + ‖α‖ sin
(
‖v‖
‖α‖
s
)
v
‖v‖
(26)
For computational ease, we set ‖v‖ = 1, and sine and cosine expressions be
equal to 1 in γv(1). We identify TqS
2
‖α‖ with R
2. From (26), we define a local
chart ψ1 : R
2 → O by
ψ1(t1, t2) = (‖α‖, ‖α‖
2t1, ‖α‖
2t2). (27)
There is a natural isomorphism between a tangent bundle and a cotan-
gent bundle via the canonical symplectic structure of the cotangent bundle.
Hence, the p coordinate on the cotangent space at the position q can be iden-
tified with the vector coordinate on the tangent space at the same position
q. Let ϕ = pdq. From (27), we write ϕ as
ϕ = ‖α‖2p2dt1 + ‖α‖
2p3dt2. (28)
Let s1 = ‖α‖
2p2 and s2 = ‖α‖
2p3. Hence, we define a local chart ψ2 : R
4 →
T ∗O by
ψ2(s1, s2, t1, t2) =
(
0,
s1
‖α‖2
,
s2
‖α‖2
, ‖α‖, ‖α‖2t1, ‖α‖
2t2
)
. (29)
Given this chart in (29), any point F ′ in T ∗O is expressed as
F ′ =
s1
‖α‖2
X∗2 +
s2
‖α‖2
X∗3 + ‖α‖E
∗
1 + ‖α‖
2t1E
∗
2 + ‖α‖
2t2E
∗
3 . (30)
At this point, it is understood that all functions on ΩF are parameterized
by the coordinates (s, t) = (s1, s2, t1, t2). We write f(s, t) instead of (f ◦
ψ2)(s, t).
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4.2 Hamiltonian system on T ∗O and covariant ⋆-product
On T ∗O ⊂ T ∗S2‖α‖, the energy function U˜ : T
∗O → R (13) is given by
U˜(s, t) =
x2
‖α‖2
s1 +
x3
‖α‖2
s2 + ‖α‖e1 + ‖α‖
2e2t1 + ‖α‖
2e3t2 (31)
for each U = x1X1 + x2X2 + x3X3 + e1E1 + e2E2 + e3E3 ∈ m(3). The
Hamiltonian vector field associated to U˜ is
ξU =
(
x2
‖α‖2
∂
∂t1
− ‖α‖2e2
∂
∂s1
)
+
(
x3
‖α‖2
∂
∂t2
− ‖α‖2e3
∂
∂s2
)
. (32)
Using equation (14), the Kirillov symplectic form at F = ‖α‖E∗1 is
ωF = ‖α‖(dt2 ∧ ds1 + ds2 ∧ dt1). (33)
The ωij expression in the bidiffirential expression P r in (16) are the entries
of the matrix
ωF =


0 0 0 −1
0 0 1 0
0 −1 0 0
1 0 0 0

 (34)
With this parameterization on T ∗O, the bidifferential P r(U˜ , T˜ ) = 0 for
r > 1 since U˜ is linear. So,
U˜ ⋆ T˜ − T˜ ⋆ U˜ =
~
i
P 1(U˜ , T˜ ). (35)
Since
P 1(U˜ , T˜ ) = ωF (ξU , ξT ), (36)
together with (14) at F = ‖α‖E∗1 , equation (35) is exactly (19). Hence,
the Moyal ⋆-product is covariant. In the next section, the representation l
which is defined by the operators (20) will be used in the computation of the
unitary representation of M(3). For simplicity, we set ~ = 1.
4.3 Unitary representations of M(3)
The aim of this section is to compute for the concrete expression of the oper-
ator lˆU = Fp ◦ lU ◦ F
−1
p and its exponentiation, which is the desired unitary
representation of M(3). The partial Fourier transform on the momentum
variable p = (s1, s2) in these computations is defined by the expression
(Fsf)(η, t) =
1
2π
∫
R2
e−i(s1η1+s2η2)f(s1, s2, t1, t2)ds1ds2 (37)
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and its inverse as
(F−1s f)(s, t) =
1
2π
∫
R2
ei(s1η1+s2η2)f(η1, η2, t1, t2)dη1dη2. (38)
Let f be a rapidly decreasing function on ΩF . For
lˆU(f) = iFs
(
U˜ ⋆ F−1s f
)
, (39)
we have
U˜ ⋆ F−1s (f) = U˜F
−1
s f +
1
2i
P 1
(
U˜ ,F−1s f
)
, (40)
where the first term is the pointwise product of the energy function in (31)
and F−1s f while the Poisson bracket in the second term is
P 1
(
U˜ ,F−1s f
)
= i‖α‖3
[
e3F
−1
s (η1f)− e2F
−1
s (η2f)
]
(41)
+
1
‖α‖
[
x3F
−1
s
(
∂f
∂t1
)
− x2F
−1
s
(
∂f
∂t2
)]
.
Furthermore, when we apply the partial Fourier transform in each of the
terms in (40), we have
Fs
(
U˜F−1s f
)
=
x2
‖α‖2
Fs
(
s1F
−1
s f
)
+
x3
‖α‖2
Fs
(
s2F
−1
s f
)
(42)
+
(
‖α‖e1 + ‖α‖
2e2t1 + ‖α‖
2e3t2
)
f
and
Fs
(
P 1
(
U˜ ,F−1s f
))
= i‖α‖3 [e3η1 − e2η2] f (43)
+
1
‖α‖
[
x3
∂
∂t1
− x2
∂
∂t2
]
f.
It is easy to show that Fs(sjf) = i∂ηjFsf . Applying this in (42) and com-
bining the outcome with (43), the operator (39) becomes
lˆU(f) = iFs
(
U˜F−1s f
)
+
1
2
Fs
(
P 1
(
U˜ ,F−1s f
))
(44)
= i‖α‖
[
e1 + e2
(
‖α‖t1 −
‖α‖2
2
η2
)
+ e3
(
‖α‖t2 +
‖α‖2
2
η1
)]
f
+
[
x3
(
1
2‖α‖
∂
∂t1
−
1
‖α‖2
∂
∂η2
)
− x2
(
1
2‖α‖
∂
∂t2
+
1
‖α‖2
∂
∂η1
)]
f.
The expression above can be simplified by some change of variable. If we let
u = ‖α‖t1 −
‖α‖2
2 η2 and v = ‖α‖t2 +
‖α‖2
2 η1, then the operator lˆU becomes
lˆU = i‖α‖(e1 + e2u+ e3v)−
(
x2
∂
∂v
− x3
∂
∂u
)
. (45)
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The local operator (45) defines a representation of the Lie algebra m(3)
on L2(T ∗O) where we have defined O as a flat neighborhood, centered at
q = (‖α‖, 0, 0). When O is centered at any q in S2‖α‖, the above-computed
operator can be categorically expressed as operators of the form
lˆEi = i‖α‖si and lˆXj = −
∂
∂sj
, (46)
for i, j = 1, 2, 3 where s ∈ S2‖α‖. The simply-connectedness of the 2-sphere
assures us that these local operators are global operators via the Monodromy
Theorem. Hence, the operator lˆU acts on functions on the whole coadjoint
orbit.
As observed, we can see the similarity of the position and momentum
operators in (7) and (8), respectively, where λ = ‖α‖. To prove that the lEi
and lXj are the operators that defines the infinitisimal representation ofm(3),
let us first replace the group elements of M(3) with 1-parameter subgroups
exp eiEi and exp xjXj on the unitary operators in (5) and these are
(Uλexp eiEif)(s) = e
iλeisif(s) (47)
and
(UλexpxjXjf)(s) = f((exp−xjXj)s). (48)
In equation (48), the action of the exponential exp−xjXj on s rotates the
plane perpendicular to the jth axis; hence, an angular translation by some
−xj units. Using the Taylor series expansion of this translation, we have
(UλexpxjXjf)(s) = e
−xj
∂
∂sj f(s). (49)
The derivatives of (47) and (49) with respect to their parameters are exactly
the actions of the operators lˆEi and lˆXj , that is,
d
dei
(
Uλexp eiEif
)
(s) = (iλsi)e
iλeisif(s) = lˆEi
(
Uλexp eiEif
)
(s) (50)
and
d
dxj
(
UλexpxjXjf
)
(s) = −e
−xi
∂
∂sj
∂
∂sj
f(s) = lˆXj
(
UλexpxjXjf
)
(s). (51)
Since the initial values of (50) and (51) are respectively
(
Uλexp eiEif
)
(s)
∣∣
ei=0
=
f(s) and
(
UλexpxjXjf
)
(s)
∣∣∣
xj=0
= f(s), the expressions
(
Uλexp eiEif
)
(s) and
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(
UλexpxjXjf
)
(s) are the respective unique solutions to the Cauchy problem


d
dt
T (t, s) = lˆUT (t, s)
T (0, s) = Id
. (52)
Hence, the exponentiation of the operators lˆEi and lˆXj are the unitary op-
erators that generate the unitary representation of M(3). Via the Baker-
Campbell-Hausdorff formula, we recover the operators of the unitary repre-
sentation Uλ of M(3) by
Uλg = exp
(
e1lˆE1 + e2lˆE2 + lˆE3
)
× exp
(
x1lˆX1
)
exp
(
x2lˆX2
)
exp
(
x3lˆX3
)
, (53)
classified by the radius λ = ‖α‖ of the coadjoint orbit ΩF .
4.4 Star-polarization
On L2(ΩF ), the unitary representation U
λ is not irreducible. The method
of ⋆-polarization reduces this space to a more physically acceptable space of
functions; as defined, these functions, say f , must satisfy the equation
f ⋆ a = χ(a)f (54)
where χ is a character on a subalgebra g˜0 of g˜ [26]. This collection of func-
tions f is in fact a topological subspace of C∞(ΩF ) which is stable and
irreducible under f 7→ 12ν U˜ ⋆ f , for all U ∈ g. This method is a generaliza-
tion of the polarization of Kostant [27].
In this computation, we let g˜0 be the subalgebra spanned by the param-
eters associated the commutative vectors Ei’s of m(3). Given our param-
terization (s, t) on T ∗O, let E˜i = ‖α‖
2eiti from (31) and χ(E˜i) = ‖α‖
2eiχi
where χi ∈ C
∗. Equation (54) is expressed as
f ⋆ E˜i = χ(E˜i)f. (55)
A straightforward calculation simplifies this equation into an ordinary dif-
ferential equation
‖α‖
2i
∂f
∂sj
= (ti − χi)f (56)
for all i = 1, 2, 3. The solutions to (56) are functions having the form
fχ(s, t) = e
i2[s2(t1−χ1)+s1(t2−χ2)]
‖α‖ ψ(t) (57)
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where ψ is defined on O. But fχ is in L
2(O), only if f is in L2(T ∗O) [28]
where
f =
∫
fχdχ. (58)
Hence via the Monodromy Theorem, exp lˆU are operators on L
2(S2‖α‖), or
simply on L2(S2), for all U ∈ m(3).
5 Conclusion
This paper has shown that the unitary representation of the Euclidean mo-
tion group M(3) can be constructed from the Moyal ⋆-product quantization.
We mention also that, as a byproduct, a quantum algebra of functions on
the tangent bundle of spheres has been constructed. Unitary representation
theory has an important role in the mathematical formalism of quantum
mechanics, but these computations exhibit the converse. That is, deforma-
tion quantization where the Moyal ⋆-product as an example has contributed
to the solution to the basic question of unitary representation theory. This
correspondence between quantum theory and unitary representations of Lie
groups has been present since the early days of quantum mechanics, and has
enriched both the physics and mathematics literature.
Though this paper does not claim that the presented procedure will be
always true for all Lie groups, however, it may be true for coadjoint orbits
of semi-direct products of a compact Lie group with a vector space. This
paper provides this hint but needs to be formalized.
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